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Inversion algorithms have been derived by D. V. Widder for the Weierstrass 
transform and by D. T. Haimo for the dual Weierstrass-Laguerre transform. For 
the genera1 form of heat equation - L,u = u,, L, a self adjoint operator, an integral 
transform is introduced with kernel related to the fundamental solution of the 
equation. An inversion formula for the transform is derived which includes the 
preViOUS reSUkS as special cases. Cf 1988 Academic Press, Inc. 
1. ~INTRoDucTIoN 
Properties of integral transforms whose kernels are functions associated 
with the fundamental solutions of heat equations of various types have 
been investigated extensively. In [ 141, for example, I. I. Hirschman and 
D. V. Widder developed an inversion and representation theory for trans- 
forms related to the classical heat equation 
au(x, t) a2u(x, t) -z=. 
at a2 (1.1) 
F. M. Cholewinski and D. T. Haimo in Cl, 21 and in [3-61 derived 
correspondig results for transforms arising respectively from the generalized 
heat equation 
agx, t) aGcx, t) 2~ aucx, t) 
at =7+x7 v > 0, (1.2) 
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and from the Laguerre differential heat equation 
auk t) aqx, t) -=x- auk t) 
at ax2 +(G(+l--x),x, a> -1. (1.3) 
In [ 10-121 and in [13], D. T. Haimo studied related transforms associated 
with these equations, 
It is our present goal to extend earlier results by the introduction of a 
self-adjoint elliptic operator L, for which the heat equation of general form 
auk t) 
-= -L&(X, t) at (1.4) 
will include some of the preceding equations as particular examples. A class 
of transforms, the W-transforms, will be defined with kernels related to the 
fundamental solution of (1.4) in a form corresponding to previous cases. 
We then appeal to generalizations of techniques used for the inversion of 
the special transforms to derive an inversion formula for the W-transform. 
2. PRELIMINARIES 
For x E (a, b), - cc < a < b < co, consider the formal differential operator 
L,y=B,(x)y’“‘+B,(x)y(M~l)+ ‘.. +B,(x)y, (2.1) 
where Bk(x), 0 <k GM, is a real-valued function in ~?‘(a, b) with one 
sided Mth derivatives at any finite end point. 
We assume that L, is formally self-adjoint; that is, L, = L:, where 
L:y=(-l)“(B,(x)y)‘~‘+(-l)~-‘(B,(x)y)’~-l~+ ... +B,(x)y. 
(2.2 ) 
As is known, L, is self-adjoint if and only if M is even and L.,y can be 
written in the form 
L,y=(B,(X)y’N’)‘N’+(B*(x)y(N-l))(N--1)+ ... 
+ (BN- l(X)Y’)’ + BN(X) Y, (2.3) 
where M = 2N. 
A special form of (2.3) important in our determination of the properties 
of the operator L, occurs when 
LxY=LoY+L,Y, (2.4) 
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where 
L,=(-1)“s +p,, &g&+ “. + P,(x) 
and L, is a differential operator of order < 2N - 2. 
We restrict L, to the half line [0, co), but the same results may be 
established on the whole line ( - co, co). 
We consider the self-adjoint boundary value problem 
L,Y =J*Y, o,<x<co, 
with self-adjoint boundary conditions of the form 
B,(y) = E b, y(‘- ‘J(O), j=i , . . . . N. 
;= I 
(2.5) 
(2.6) 
We denote by A! the class of self-adjoint operators L, of (2.3) with the 
following properties: 
(M,) The spectrum of L, is discrete and bounded below; without 
loss of generality, we take zero as the lower bound. If A,, n = 0, 1, 2, . . . . are 
the eigenvalues, and $,, the corresponding normalized eigenfunctions of L,, 
we have 
with 
I ,” Icln(x) @m(x) fdx = ~wrl. (2.8) 
(M2) The eigenvalues are such that 
lim ;<a~, (2.9) n-m ” 
and 
for some c > 0. 
1 “+,-2”2C, n = 0, 1, . . . ) (2.10) 
(M3) The eigenfunctions y?n are such that $,(a~) exist for some 
complex number a, and 
tin(x) = 4nrnh n+c9, (2.11) 
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and 
$n(ax) = 4nrn), n-rco, (2.12) 
for some nonnegative integer m. 
(M4) The operator L, is the generator of the analytic semi-group 
w’L”Lr>O in L’(O, co), and for j(x) E L2(0, co), we have 
lJT+ e-ILxf(x) =f(x) (2.12) 
in L’(O, co) and pointwise at every Lebesgue point uniformly in each sector 
i2,{tl (argt( <fI<n/2). 
We note that in the special case when L, has the form (2.4), sufficient 
conditions for (M,) and (M,) to hold are given in [15] and [16] and for 
(M3) and (M4) in [17 and 91, respectively. 
Now consider the parabolic equation 
-LAX, t) =; 24(x, t), (2.14) 
where L, E A. Its source solution with respect to a point a E (0, CD ) is the 
function 
g,(x; f) = f $,(a) tin(x) e-‘nt 
?I=0 
(2.15) 
in the distributional sense; that is, for any infinitely differentiable function f 
with compact support in (0, co), 
5 m f(x) &4x, 0)dx =f(a). 0 
For, if f can be expanded in a series of eigenfunctions so that 
then 
n=O 
jam f (xl &7(X3 0) dx = lorn f f h (n) tin(x) f em(a) J/m(X) dx 
n=O P?t=O 
= nTo f h (n) f $,(a) j; $n(x) +m(x) dx 
m=O 
=n~ofAw"o 
=f(a). 
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The associated source solution is 
d-5 y; f) = f $,,(x) Icl,(.!J) e nn’, Re t>O. (2.16) 
Assumption M, assures the convergence of the series (2.16) to a 
well-defined function g(x, JJ; f) which, as a function of x and y, is clearly 
symmetric in both variables and belongs to V(0, co) in the two variables. 
On the other hand, as a function of t, g(x, y; t) is analytic in the region 
Re t > 0, since the series (2.16) is absolutely and uniformly convergent on 
any compact subset of Re t > 0. Moreover, as established in [20, p. 241, 
g(x, y; t) is uniformly bounded in any horizontal strip of finite width inside 
the region of convergence 
Ret36, IIm tI CR, 6, R > 0. 
By Theorem 11.1 of [20], we note that when x = y, g(x, y; t) has a 
singularity at t=O. Appealing to (2.9)-(2.10) and to Theorem 29 of [18], 
we may also show that g(x, y; t) may be continued analytically beyond the 
region Re t > 0, unless, in condition (2.9), we have lim, _ ,(n/L,) = 0. In 
that event, the theorem cited implies that the line Re t = 0 is a natural 
boundary for the series (2.16) and it is impossible to continue g(x, y; t) 
analytically beyond the region Re t > 0. 
If further restrictions are imposed on the distribution of the eigenvalues, 
more can be said about the singularities of g(x, y; t). For example, if 
2, = n, then t = 0 is the only singularity of g(x, y; t) on the line Re t = 0 
between 0 Q Im t < 271. For, setting w  = e-‘, $Jx) = rj(x, n) and, for fixed 
x, y 3 0, letting a,,,(L) = Ii/(x, A) $(y, A), we note, by [19], that a,,,(n) is 
an entire function in A of exponential type, and by Theorem 86.2 of [7], we 
have that w  = 1 is an essential singularity for the function 
z 
ax, y; w) = c 4,,“(4 wn, 14 < 1, 
n=O 
and that g(x, y; w) and its analytic continuation has the point w  = 1 as its 
only singular point. Hence our assertion is established. 
We note that although g(x, y; 0) is not well defined, it is closely related 
to the spectral function 0(x, y, A) of the operator L,. Indeed, 
Q(x, Y, A) = g,(x, y; 0) 
= ,“& en(X) @n(Y). 
Theorem 2 of [17] provides the asymptotic estimate 
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The associated source solution has the additional useful properties given 
in the following two lemmas. 
LEMMA 2.1. For t, t, with Re t>O, Re t, PO, we have 
m 
6) s gh Y; t) ~Q,(Y) dy = $Jx) eeAnr3 (2.17) 0 
(ii) s O” dx, G t) dz, y; t,) dz = g(x, y; t + t1), 0 
(iii) as a function of x or y, g(x, y; t) E L*(O, co). 
Proof (i) By (2.16) we have 
(2.18) 
(2.19) 
= $Jx) e-‘n’. 
We may interchange the summation and the integration since the series 
converges absolutely and uniformly in Re t > 0. 
(ii) 
I w g(x, z; t) g(z, y; t1) dz 0 
=kzo $k(x) J/k(y) e-"""+"' 
= g(x, y; t + t 1). 
The interchange of the summation and the integration is possible as in (i). 
(iii) By the same argument as in (ii), we obtain 
s,r g2b, Y; 1) dy = Iorn Ax> Y; t) g(y, x; t) dY 
= g(x, x; 2t) 
= kzo I):(X) evzikr 
< co. 
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A result related to the semi-group property (2.18) requires an 
assumption that corresponds to Eq. (2.17). 
LEMMA 2.2. If there exists a continuous, houndedfunction q(x, y; t) such 
that 
for some complex number a, then for 0 < t , c t, , 
J 
m 
s(ax, z; tl 1 g(az, Y; t2) rl(x, z, fl 1 dz = g(x, Y; t2 - t, 1. (2.21) 
0 
Proof An appeal to (2.16) and (2.20) yields 
J 
30 
da4 z; tl) daz, Y; f2) 7(x, z, ~1) dz 
0 
= J m s(u-7 z; t,) 2 Jl,(az) $,(Y) e-9 rl(x, 4 tl) d.2 0 PI=0 
= n!. V+,(Y) e pin’2 Jam g(ax, z; t ) ah z, 2,) ccl,(uz) dz 
= f $,(x) $,( )) e-‘n(‘2p’1) n=O 
= g(x, y;f2 - t, ), 
where the interchange of integration and summation is valid since the series 
defining g(uz, y; t2) converges absolutely and uniformly in any region of 
the form Re t, > 6 > 0. 
3. INVERSION 
We introduce integral transforms closely related to the parabolic 
equation (2.14): the P-transform which has the associated source solution 
g(x, y; t) of (2.16) as kernel, and the W-transform the special case when 
the kernel is g(x, y; 1). Our goal is the derivation of an inversion formula 
for the W-transform. 
We begin by seeking a solution of the Cauchy problem 
- L,u(x, t) =; u(x, t), (3.1) 
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where L, E A, with initial condition 
4x, 0) = f(x), (3.2) 
f(x) 6 L2(0, CcJ 1. 
Formally, we have 
f(x)= f f^(n)(l/lIb). 
ll=O 
We then set 
4x9 t) = jam f(Y) g(xt Yi t) dY 
= I m gk Y; 1) f f h (n) tin(y) dy0 tl=O 
(3.3) 
(3.4) 
where the last equality follows from (2.17). 
We note that U(X, t) is clearly the solution we seek since by an appeal to 
(2.7) and (3.4), we have 
$ u(x, t) = fj f Ir (n)[ -A,$Jx)] e-“n’ 
fl==O 
= - .,I/ A (nK~L+~(x)l eein’ 
= -L,u(x, t) 
and 
w, 0) = f f h (n) tin(x) 
II=0 
=f(x). 
In line with the terminology of [ 131, we introduce the P-transform of a 
function 4 defined on [0, 00) by 
&x9 t) = joa 4(y) dx, Y; t) dy, t real, (3.5) 
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whenever the integral exists, and the W-transform of 4 by 
CR(x) = Ttx, 1) 
I 
% 
= o $(y)gky: l)d? (3.6) 
whenever the integral exists. We note that, as a consequence of (2.19), it 
readily follows that both the P-and the W-transforms exist, when 
$4 E L2(0, co). 
Considering (3.1) as a general form of heat equation, the L-heat 
equation, and its solutions as L-temperatures, we have that, within its 
region of convergence, the P-transform (3.5) represents an L-temperature 
with initial temperature &x, 0) = d(x). The W-transform may thus be inter- 
preted as an L-temperature at constant time t = 1. 
Formally &x, t) may be represented by 
6(x, t) = e -‘“q(x); 
for, if we regard L, as a number, it follows that 
(3.7) 
$ $7(x, t) = - L,e -‘Lrqqx) 
= -L&x, t) 
and Eq. (3.1) is satisfied. If we let t -+ O+ in (3.7), we have 
&x3 0) = b(x). 
Treating L, as a number in (3.7) and taking t = 1, we obtain, on appeal 
to (3.6), 
eLGx, =4(x), (3.8) 
an inversion algorithm for the W-transform. A more precise inversion 
theorem, our principal result, follows. 
THEOREM 3.1. Let cj E L2(0, 00) and let f be its W transform 
f(x) = jam 4 Y) Ax, Y; 1) dv. (3.9) 
If the hypothesis of Lemma 2.2 holds, then 
(3.10) 
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in L2(0, CD) as well as at every Lebesgue point of 4 uniformly in the region 
0<6<Re r<6’< 1, larg(t- l)/ >,t?>n/Z. 
Proof: We note first that by the Cauchy-Schwartz inequality, the 
hypothesis, and (2.19), we have 
lf(x)12G[om 14(Y)12& p g2(x, Yi l)dY 
<CO 
so that f is well defined. Moreover, since 4 E L2(0, oo), we have 
d(y)= 2 4 * (4 Jlkv) 
?I=0 
with 
If we set 
L(Y)= Z V(n) MY) 
n=O 
and 
= .f, 4 A (n) e-‘+,(x), 
then since 4, + 4 in L*(O, co) as m + co, it readily follows that f, -f in 
L’(O, 00) as m -+ co. We thus have 
with the series converging absolutely and uniformly on any compact subset 
of [0, co) and defining a function f in L2(0, a~) since 
f I4  ^ (n)12 e-*‘n< 00. 
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(3.12) 
with f(x) a smooth function on [0, GO). 
We note next that the integral in (3.10) exists. For, using (3.9), (2.21), 
and (2.19), we have 
f(ax) g(w x; t) q(x, Y, t) dx ’ 
2 
zz d(z) Aax, z; 1) dz Aax x; t) rl(x, Y, f) dx 
2 
= g(v, x; t)g(ax, z; 1) vl(x, Y, t) dx 
= #(z)g(y, z;1 - 2) dz 2 
Q jam kW12dz jomIg(vv,z; 1 -r)l’dz 
< Co. 
If we now define the operator erLX by its power series 
cc Wx)” (+ = c -, 
k=O k! 
we have 
etL?Jx) = k!. y tin(x) 
m tkAk 
= k;. $ *n(X) 
= &‘lj”(X). 
For fixed t, 0 < Re t -=c 1, we apply the operator erLX to (3.12). By using 
(2.20) and noting the uniform convergence of the series (3.12), we obtain 
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e+xf(x) = 2 f * (0) efLv+Gn(xf 
n=O 
= r, f Ir (n) Jorn da-& Yi t) ?(XY Y> 1) $“(UY) dY 
= 
s cc dw Yi t) ?(X? Y> t) .f(UY) dY. 0 
An appeal to (3.9) and (2.21) yields 
e’Lrf(x) = jam idax> Y; t) rl(x, Y, 2) 
( 
jom 4(z) g(w, 2; 1) dz’ 4 
> 
= oa 4(z) g( y, z; 1 - t) dz. 
I 
Our proof will be complete if we show that 
Fyo f m i(z) g( y, 2; E) dz =4(y) 
in L*(O, 00) as well as at every Lebesgue point of 4 uniformly in the region 
jarg 81 < 0 < n/2. 
By repeating the preceding computation, we readily establish that 
eCEL~#(x) = epeLr 2 qd h (n) rc/Jx) 
II=0 
= f 4 A (n) e-“L;J/,(x) 
= C dA (n)e-EA”$,(x) 
= om 4(y) g(x, Y; E) du. I 
Now letting E + 0 and appealing to the hypothesis and to (2.13), we have 
!*y epsLxqS(x) = d(x) 
= ;?. fom 4(y) Ax, Y; 6) dy 
and the theorem is established. 
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COROLLARY 3.2. [f the assumption 4 E L’ (0, nrj ) is udded to the 
hypothesis of the theorem, then the inversion formula (3.10) holds almost 
everywhere. 
We note that all the results established can be extended, with minor 
modifications in the arguments, to the case where the interval is the whole 
line (-co, co). 
The results include, as special cases, the classical heat equation with its 
related Weierstrass transform studied in [ 141 and the dual Laguerre heat 
equation with the corresponding dual Weierstrass-Laguerre transform con- 
sidered in [13]. In (2.3), with N= 1, the former occurs when the operator 
L, has B,(x) = - 1, B,(x)=O; the latter when the operator is x ’ exLx, 
where L, has B,(x) = -xr+‘eeX, B,(x) = 0. 
4. EXAMPLES 
The following examples illustrate the inversion theorem. 
I. Let 
Lx= ---$+x2 
Then the eigenvalues of the operator are 
1,=2n+ 1 
and the corresponding normalized eigenfunctions 
@AX) = & “’ eCX2’2H,(x), 
( ) 
where H,,(X) is the Hermite polynomial of degree n. The equation 
g 24(x, t) - x%(x, t) = 
has the associate source solution 
g(x, Y; t) = f e-“n’$Jx) rl/,(y) 
n=O 
1 
=pe 
- (2 + y*y2 e ~ I 
m ,-2nr 
c -H,(x) H,(Y) 
n=() 2”n! 
1 
=pP 
-(x2+J9)/2 e-' 
{ 
(1 ee-4’)-W 
x exp 2xyeC2’- (x2 + y2) eC4’ 
1 -e-4f 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
1 f  
=;;i;i(e4,Y1)1,2e 
-c-G + YW exp 
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If, in (2.20), we take u = i and q(x, y, t) = g( -ix, y, t)/g(ix, y; t), we 
have 
s 
cc g(ix y. t) g( -ix, Y; 1) 
, > vW4 4 
--no dix, Y; 2) 
s 
m = g( - ix, Y; t) J/,(b) dv --oo 
1 e’ 
= 2”‘2(n!)‘/2n3/4 (e4r _ 1)1/2 e 
-x92 
X 
( y + ixe2’)2 
e4’- 1 H,(iy) 4 
1 
= 24(n!)n/2n1/4 
e(2n+ 1)r ,-xy2 
H,(x) 
= cl/Jx) e”“‘, (4.6) 
where the last integral was evaluated by an appeal to formula 7.374-8 
in [S]. 
With the function (4.5) with t = 1 as kernel, we have the W-transform 
e4 + 1 2e2 
2(e4-1)Y2+e4-1XY 
By Theorem 3.1, we have the inversion 
X jymf(ix)exp{ -2$~~11)x2-2i&xy (4.8) 
Note that if we set 
F(x)=exp {~(“~“‘}f(($$)lli $), (4.9) 
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e”+ 1 (e8- l)Yz 
2(e4 - 1) 8e4 
e4+ 1 2e2 (es - 1)‘j2 
X 2(e4- 1) ‘*+e4- 1 23/2,2 
e 
-x2/4 
=2'/2n'/Z(e4+ 1)1/2 
xI:.exp~~~+l~~((~~~~1~)j"2yjdy 
(4.10) 
where 
@(y)=21’2 
(e4 +‘l )112 
e4- 1 
2(e4+1) 
(4.11) 
Thus, by an application of (4.9), we note that the W transform (4.7) 
becomes the Weierstrass transform (4.10) of [14]. Moreover, applying 
(4.8) to (4.11), we find that 
~(y)=2”2(e4~~)‘,2nl/21~,~ (e4rf1)l/2 -L lim 
I 
-2i&(2;;‘,$)“2xy}dx 
2112 
=n’iz (e8” 
2 
1)1/2 eu2’4 
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the inversion formula derived in [14] 
II. Let 
L,= -x$- 
d x a* 
z+4+z 
The eigenvalues of L,* are 
Ci+1 
i,=n+-j- 
and the corresponding normalized eigenfunctions 
$Jx)= [p(n)]‘j2 e-x’2xai2L;(x), 
where L:(x) is the Laguerre polynomial of degree n and 
I p(n)= n* f(n+a+ 1)’ 
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(4.12) 
(4.13) 
(4.14) 
(4.15) 
The heat equation 
2 
x&(x, t)+ a2 &(x. t)- z+- ( ) 4 4x 4% t) =; 4% t) 
has as its associated source solution the function 
g(4 Y; t) = f e-“n’$,(x) I(/,( y) 
iI=0 
= (xy)“/2 e-(X+J’v2 ,-((a+lY2)f O” 
nFo e-“%(x) WY) 0) 
e r/2 
=-exp 
e’- 1 
-yz} Z, (“yfl”‘), (4.16) 
where Z,(x) is the modified Bessel function of order a. 
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Now if, in (2.20), we take a = - 1 and q(x, J’, 1) = (i) ?*, we have 
x exp 
i 1 
-& J?(x) 
= [P(n)]‘I’ e’(“+(z+ 1)/2)Xa/2e-X12~ct(x) 
= e’“‘$,(x), 
with J,(x) the Bessel function of the first kind of order CI, where the last 
integral was evaluated by an appeal to fomula 7.421-4 in [S] 
The IV-transform with g(x, y; 1) given by (4.16) is 
f(x) = ,c12 -exp (-St} 
and, by Theorem 3.1, we have the inversion 
If we set 
F(x) = e’“+ 1)/2ex/2x-@ “f(x), 
we obtain the dual Weierstrass-Laguerre transform of [13], 
F(x) = joa g,(x, Y; 1) Q(Y) d4 y), d/I(y)=1 r(a+l) 
ya e -y dy, 
(4.17) 
(4.18) 
(4.19) 
(4.20) 
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where 
(4.21) 
and 
@j(y) = ey’* y-“*f$( y). (4.22) 
Moreover, substituting (4.22) and (4.19) in the inversion formula (4.18), we 
obtain 
= lim i” 
e(r-(a+ I))/2 
exP 
t-1- et- 1 i I 
&Y Y-“‘* 
= lim e-t(a+l)eY 
t-+1- J’ om exgab, -y; t)F( -x) d/l(x), 
which confirms the inversion algorithm derived in [13] for the dual 
Weierstrass-Laguerre transform. 
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